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ON POLYNOMIAL CONVEXITY OF COMPACT SUBSETS OF 
TOTALLY-REAL SUBMANIFOLDS IN C” 

SUSHIL GORAI 


Abstract. Let A' be a compact subset of a totally-real manifold M, where M is either 
a C^-smooth graph in over C", or M = for a C^-smooth submersion u from 

C" to k < n. In this case we show that K is polynomially convex if and only 

if for a fixed neighbourhood U, defined in terms of the defining functions of M, there 
exists a plurisubharmonic function on C" such that K C < 0} C 17. 


1. Introduction and statements of the results 

The polynomially convex hull of a compact subset K of C” is defined as K := {z ^ 
C” : \p{z)\ < supj^\p\,p G C[2:i,..., Zn]}. We say that K is polynomially convex if 
K = K. As a motivation for studying polynomial convexity, we discuss briefly some 
of its connections with the theory of uniform approximation by polynomials. Let IP (A) 
denote the uniform algebra on K generated by holomorphic polynomials. A fundamental 
question in the theory of uniform algebras is to characterize the compacts K of C” for 
which 

y{K)=C{K), (1.1) 

where C{K) is the class of all continuous functions on K. For A C M C C, (ll.ip follows 
from Stone-Weierstrass theorem. More generally, Lavrentiev m showed that A C C 
has Property o if and only if A is polynomially convex and has empty interior. In 
contrast, no such characterization is available for compact subsets of C"', n > 2. Since 
the maximal ideal space of 1P(A), A C C"', is identihed with A via Gelfand’s theory of 
commutative Banach algebras (see [5] for details), we observe that 

T(A) =C(A) ^ k = K. 

With the assumption that A is polynomial convex, there are several results, for instance 
see [DEllIIlinKIl], that describe situations when holds. Unless there is some way 
to determine whether A C C”', n > 2, is polynomially convex—which, in general, is very 
difficult to determine—all of these results are somewhat abstract. One such result is due 
to O’Farrell, Preskenis and Walsh m which, in essence, says that polynomial convexity 
is sufficient for certain classes of compact subsets of C"' to satisfy Property (H]). More 
precisely: 

Result 1.1 (O’Farrell, Preskenis and Walsh). Let K be a compact polynomially convex 
subset ofC^. Assume that E is a closed subset of K such that K\E is locally contained 
in totally-real manifold. Then 

7{K)={fGC{K)-.f\EG‘y{E)}. 
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By Result [LT] if RT is a compact polynomially convex subset of a totally-real subman¬ 
ifold of C”, then y{K) = C{K). In view of this fact, one is motivated to focus—with the 
goal of polynomial convexity—on characterizing the class of compact subsets of C” that 
lie locally in some totally-real submanifold of C”. 

A totally-real set M of C” is locally polynomially convex at each p G M, i.e., for each 
point p £ M there exists a ball B{p, r) in C” such that MriB{p, r) is polynomially convex 
(see [18] for a proof in and jH] [7| for a proof in C”, n > 2). In general, an arbitrary 
compact subset of a totally-real submanifold in C”’ is not necessarily polynomially convex, 
as shown by the following example due to Wermer jS] Example 6.1]: let 

M :={{z,fiz))€C^ :zGC}, 


where 

f{z) = -(1 i)z + izi^ + z^i^. 

It is easy to see that M is totally-real. Consider the compact subset K := {{z,f{z)) G 
: 2 ; G B} C M. Since /(e*^) = 0 for 0 G M, by using maximum modulus theorem, 
we infer that K contains the analytic disc {( 2 , 0 ) G : 2 ; G B}. Hence, K is not 

polynomially convex. Some sufficient conditions for polynomial convexity of totally-real 
discs in C^, i.e., the compact subset {{z,f{z)) G C'^]z G B} of a totally real graph in 
C2, in terms of the graphing function /, are available in the literature (see laiiiKii], 
and |15] for a nice survey), but there are no general results for compact subsets of C”, 
n > 2, that we are aware of. Therefore, it seems interesting to know the conditions under 
which a compact subset of a totally-real submanifold of C” is polynomially convex. In 
this paper we report the results of our investigations on this question. 

We now present the main results of this paper. But first we state a lemma, which has 
a vital role in the proofs of our theorems, about the polynomially convex hull of general 
compact subsets C”, which might also be of independent interest. 

Lemma 1.2. Let K be a compact set in C”, n > 2, and let cj) he a plurisubharmonic 
function on C”' such that K C Ll, where H := {z G C” : 4){z) < 0}. Suppose there exists 
a non-negative function v G psh(H) such that v(z) = 0 \/z € K. Then K C u“^{0}. 

We know, from Hormander’s result [U Theorem 4.3.3] (see Result [2T] in Section [2|), that 
the above is true when H = C"'. Extending the plurisubharmonic function v from H to 
C” is the key to our proof of Lemma 11.21 which we do by using a result of Poletsky m 
(see Section [2] for details) . 

Let iL be a compact subset of a totally-real graph over C"' in In this case 

we present a necessary and sufficient condition for polynomial convexity of the given 
compact K in terms of the graphing functions: 

Theorem 1.3. Let /^, —)• C be C'^-smooth funetions sueh that, writing F = 

(/^,...,/"■), the graph Grc’^{F) is a totally real submanifold o/C^"". Then, a compact 
subset K of Grc"(E) is polynomially convex if and only if there exists a T G psh(C^"') 
such that 

^ C a; C I (^, u;) G C- X C- : ^ I/"(^) - w,\ < ^ 
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where 


(jj := 


{(z,r;) G C” X C” : < 0} 


L{z) := max sup \£.f‘'{z-,v)\ ; and 





Here, and in what follows, £/(z;.) denotes the Levi-form of a C^-smooth function / at 


z. We now make a couple of remarks that will aid the understanding of the statement 
of Theorem 11.31 

Remark 1.4. The radius of the tube-like set 



may vary pointwise in but the totally-real assumption on the graph Grc;"(T) ensures 
that m{z) 7 ^ 0 for G C"" (see Lemma 12.61 in Section [2|). Therefore, the above tube-like 
set is a nonempty open subset of containing the compact K. 

Remark 1.5. We observe that if, in addition, we assume that the functions 
in Theorem [L3] are pluriharmonic, then the above tubular neighbourhood has infinite 
radius at each point of Grc"(T’). We just choose w to be a suitable polydisc containing 
K, K C Grcn(F), such that the conditions of Theorem 11.31 are satisfied. Thus, any 
compact subset of such a graph is polynomially convex. 

We would like to mention that Theorem oi is a generalization of a result [6], Theo¬ 
rem 6.1]—which characterizes polynomial convexity of graphs over polynomially convex 
subset kl, where 11 is a bounded domain in C”—in author’s dissertation. 

We now consider the case when the compact K lies in a totally-real submanifold which 
is a level set of a C^-smooth submersion on C”. 

Theorem 1.6. Let M be a -smooth totally-real submanifold of of real dimension 
k such that M := where p := (pi ,..., P 2 n-k) is a submersion from C" to 

and K is a compact subset of M. Then K is polynomially convex if and only if there 
exists 'k G psh(C") such that 



where 


oj : = 


{zeC^ : < 0 }, 
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Remark 1.7. It is well known that a compact subset K C C” is polynomially convex if and 
only if, for every neighbourhood U, there exists a polynomial polyhedron that contains 
the compact and lies inside U. From Theorem 11.61 we conclude that for a compact 
subset K of a totally-real submanifold of C” to be polynomially convex it suffices that, 
for a single fixed neighbourhood U depending on the defining equations, we can find a 
polynomial polyhedron that contains K and is contained in U. 


As in Remark [la the fact that p ^{0} is totally real ensures that m{z) / 0, for all 


z £ K (see Lemma 12.51 in Section [2|); the set \ z£C^ : Ya=i ^ \Pi{^)\ < 
open set containing K. 


m{z) 

L{z) 


IS an 


We conclude the section with an observation about polynomial convexity of compact 
subsets that lie in an arbitrary totally-real submanifold of C”, and not just a zero set of 
a submersion defined on all of C^. 


Remark 1.8. An abstract result analogous to Theorem 11.61 holds for compacts that lie 
in any arbitrary totally-real submanifold of C”. The construction of a suitable tubular 
neighbourhood that will replace the tube-like neighbourhood in Theorem 11.61 is the main 
obstacle, which can be overcome by using partitions of unity. In this case, locally, we 
have real valued C^-smooth functions pi,..., p 2 n-k such that the submanifold can be 
viewed locally as the zero set of a submersion p = (pi,..., p 2 n-k)] thus, locally we get a 
neighbourhood defined in terms of pi,, p 2 n-k as in Theorem 11.61 The problem with 
the result that we will end up with is that, since the tube uj would be given in terms of 
local data and (highly non-unique) cut-off functions, it would be merely an abstraction. 
Of course, highly abstract characterisations of polynomial convexity, in the language of 
uniform algebras, already exist—but hard to check. The point of this paper is to begin 
with some natural overarching assumption and derive characterisations for polynomial 
convexity that are checkable. A couple of examples of totally-real submanifolds are given 
in Section [5] as applications of Theorem 11.31 and Theorem 11.61 


2. Technical Results 

In this section, we prove some results that will be used in the proofs of our theo¬ 
rems: Lemma a result about closed subsets of polynomially convex compact sets 
(Lemma 12.3p , and two results characterizing when a submanifold of C” is totally real 
(Lemma 12.61 and Lemma l2.5|) . We begin with the proof of Lemma ll.21 For that we need 
a result by Hormander [9l Theorem 4.3.4] that will be used several times in this paper. 

Result 2.1 (Hormander, Lemma 4.3.4, [9]). Let K he a compact subset of a pseudoconvex 
open set H C C". Then Ko = K^, where := {z £CT : u{z) < sup ;^uMu £ psh(H)} 
and Kn := {z £ :\f{z)\ < sup,g^ |/(^)| V/ £ 0(L!)}. 

We note that if H = C” then Result 12.11 says that the polynomially convex hull of K is 
equal to the plurisubharmonically convex hull of K. 

We also need a result by Poletsky [141 Lemma 4.1] for proving Lemma 11.21 that gives 
a sufficient condition for extending a plurisubharmonic function to C”. 

Result 2.2 (Poletsky, Lemma 4.1, [Hj). Let K be a compact subset of an open set 
V C C” and assume that there is a continuous plurisubharmonic function u on V such 
that u = 0 on K and positive on V \ K. If v is a plurisubharmonic function defined on 
a neighbourhood W dV of K and hounded below on K, then there exists a plurisubhar¬ 
monic function v' on V which coincides with v on K. 
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We are now in a position to present the proof of Proposition 11.21 

Proof of Provosition rOi We are given that if (s = {z € C” : (j){z) < 0}. Hence, by 
the Result [2Tn if C Upper-semicontinuity of 4> gives if d U. Since if is polynomially 
convex, it follows from a result of Gatlin [3] (see m Proposition 1.3] also) that there 
exists a continuous plurisubharmonic function u on C"" such that u = 0 on if and u > 0 
on C” \ if. Since, by hypothesis, v G psh(U) is bounded below on if, the conditions of 
Resultare fulfilled with VP := U and V := C”. Hence, there exists a plurisubharmonic 
function v' on C"' such that 

v'{z) = v{z) Mz G if. (2.1) 

Now, in view of the fact that u = 0 on if and K G K, v'{z) = 0 Vz G if. At this point, 
using Result 12.11 of Hormander, it follows that 

v'{z) < supu'( 2 ;) = 0 Mz^K. 

z&K 

Thus, in view of (I2.1jl . we get 

v{z) <0 ^z & K. 

Since u > 0 (by hypothesis), we have v{z) = 0 for all z £ K. □ 

Lemma 2.3. Let K be a compact polynomially convex subset of a totally-real submanifold 
ofC^. Then any closed subset of K is polynomially convex. 

Proof. Since if is a polynomially convex subset of a totally-real submanifold of C”', we 
apply Besult fTTTl to get lP(if) = C{K). Let L be a closed subset of if. By Tietze extension 
theorem, C(if)|L = C{L). Since lP(if)|L C ‘?{L) C C{L), we have 1P(L) = C{L). Hence, 
L is polynomially convex. □ 

We now state a result due to Oka (see 0 Lemma 2.7.4]) that gives us one direction 
of the implications in both the theorems in this paper. 

Result 2.4 (Oka). Let K be a compact polynomially convex set in C” and let U be a 
neighbourhood of K. Then there exist finitely many polynomials pi,... ,Pm such that 

K C {z £ C"' : \pj{z)\ <1, j = 1,... , m} C U. 

Let M be a C^-smooth real submanifold of C” of real dimension k, k < n. For each 
p £ M there exists a neighbourhood Lfp of p in C” and C^-smooth real-valued functions 
7*1) 7*2, • • • , P2n-k such that 

UpG M = {z £Up ■. pi{z) = P 2 {z) = • • • = P 2 n-k{z) = 0}, 

where p = {pi,..., p 2 n-k) is a submersion. With these notations we now state the 
following lemma. 

Lemma 2.5. M is totally real at p £ M if and only if the matrix Ap is of rank n, where 

( ^p\{v) ^p\{v) •••^pi(p) \ 

^ dzTP2{p) &Z2P2{P) ■■■&^P2{P) 

Ap: = 

\&zTP2n-kip) dz 2 P 2 n-k{p) ' ' ' (k^P2n-k{p )/ 
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Proof. Viewing C” as the tangent space TpM can be described as: 

TpM = {?; e = 0} . 

We first assume that M is totally real at p G M. We will show that the rank of Ap 
is n. Suppose the matrix Ap has rank less than n. Without loss of generality, we may 
assume that the rank of Ap is n — 1. Hence, there exists u = (ui,... , Vn) G C” \ {0} such 
that 

ApV = 0. 

This implies that the system of linear equation 

1 = 1,. ■ .,2111-k, ( 2 . 2 ) 

j=i 

has a nonzero solution. Viewing Vj = Vj + iv-, j = 1,..., n, and writing the system of 
equations ()2.2I) in terms of real coordinates, we obtain: for each I = 1,... ,2n — k, 



In view of (j2.4h . we get that the vector v = {v[,V 2 ,... lies in TpM, and the 

equations in (12. ensure that iv G TpM (viewing v = + ivf ,... + iv'ff) G C”). 

This is a contradiction to the fact that M is totally real at p. 

For the converse, assume the matrix Ap has rank n. We show that M is totally real 
at p G M. Suppose M is not totally real at p, i.e., there exists a u G TpM, u / 0, such 
that iv G TpM. This implies that equations (12.4|) and (j2..SI) hold. Hence, ApV = 0, which 
contradicts the fact that rank of Ap is n. Hence, M is totally real at p. □ 

Next we state a lemma that gives a characterization for a graph in using the 
graphing functions, to have complex tangents. 


Lemma 2.6. Let : C" —> C he C^-smooth functions. Let M := {{z,w) G 

: Wu = f^{z), V = 1,... ,n}. Let P := (a, f^{a),..., /"(o)) G M. Then, M has a 
complex tangent at P & M if and only if there exists a vector (vi,... ,Vn) G C” \ {0} 
such that 


a fu 

Vz^ = l,.. 

j=i J 


n. 


Proof. The proof follows from the following fact due to Wermer [20) . 

Fact. Let hi,..., hm be -smooth complex valued functions defined in a neighbourhood 
U o/ 0 G such that the function h := (hi,..., hm) is a regular map on U into C”*. 
Let S := h{U). Then, S is totally real at h(0) if and only if the complex rank of the 

(0) ) is k. 


. f dhj 
matrix 

\OXk 
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3. The proof of Theorem 11.31 

We begin the proof by constructing a tube-like neighbourhood of the graph and a 
non-negative plurisubharmonic function defined in it, which vanishes on the graph. This 
constitutes Step I. Further steps then lead us to showing the desired compact to be 
polynomially convex on the basis of our construction in the Hrst step. 

Step I: Constructing a tube-like neighbourhood G of the graph and a plurisubharmonic 
function u on G. 

In this case we consider the defining functions: 

j Reuij - Re/,( 2 ;), if j=l,..., n 
uAz, w) = { , , 

— \mfj{z), if j=n-|-l,... ,2n. 

and 

n 

u{z,w) := 

i=i 

We obtain the Levi form: 

n / n n 

Lu{-] = X] (/j “ + {fj -^)Y ^kzifvkvl 


1=1 


k,l=l 


k,l=l 


n In 


n In 


+ Y + Y I I 

k,l=l \ 3 / k,l=l \j=l 

n n n 

^ ^ ^ ^ dzifk'^l^k ^ ^ \^j\ ? 

k,l=l k,l=l j=l 

where we denote V = (v^t) = (t^i,..., ti, • • •, tn) G C^”'. Swapping the subscripts j 
and k in the hrst sum in the second line above allows us to see that: 

n / n 


Tn(.;l") = 2^Re((r-uT)£r(^;ii))+ [YfU 


VjVk 


u=l 


j^k=l \i'=l 
n n 


Tl / Tl \ 71 71 71 

+ ^ ^ - Y - Y + Y 


j,k=l \u=l / j,k=l j,k=l 

71 71 

2 Y v)) + \ff^Vi + .... + f^^Vn - t 


J/=l 

|2 


l/=l 


J/=l 


n / n 


+ E E/iA 

j,k=l \i>=l 


% '^j^k 


It n 

= 2Y Re((7^ - w^)zr{z] v)) + Y \fziVl + .... + f^^Vn - t 

U=1 U=1 

71 

+ Yh I ^ 

v=l 

71 71 

> E l*®r + ■ ■ ■ + - 2E lA - ^’Mzr(z-,v)\ 




U=1 


U=1 


(3.1) 
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Let 


L{z) := max sup \2f'^{z‘,v)\ 

Vlkll=i 


and 


m{z) ■■= inf ■ 

Since the graph S is totally real, by Lemma [2.61 we have m(z) > 0 for all 2 : G C”. Define 

m{z) 1 

\J - Wu\ ^ 

j/=l 


G:=\iz,w)GC^^:'£\n^)-^u\< 


2L{z) 


From (|3.1h . it is clear that u is strictly plnrisnbharmonic on G and u ^{0} = Gr(/^,/"■). 
Since uj C G (by hypothesis), we have u G psh(a;) and K C Grc"(F) C n“^{0}. 

Step II: Showing that K C 

Since, by Step I, u G psh(t<;) and K C u“^{0}, all the conditions of Lemma [1.21 are 
fulfilled with given compact K, v := u and (j) := 'L. Hence, in view of Lemma 11.21 we 
obtain 

k C u“^{0}. 


Step III: Completing the proof. 

The aim of this step is to show that K is polynomially convex. For that we consider 
Ki := {{z, w) G Grc"(T) : ^{z,w) + e < 0}, where 

—£ := supT( 2 ;, w). 

K 

Clearly, K C Ki. Thanks to the fact that K G uo = {{z,w) G C" x C”' : ^{z,w) < 0}, 
we get that e > 0. T is plurisubharmonic in C^”', 

C {{z,w) G : 'if(z,w) < 0} = UJ C G. 

By Lemma 11.21 with the compact Ki, it := G v := u and cj) := T, we conclude that 
Ki C u“^{0} = M. Hence, Ki is polynomially convex. Using Lemma 12.31 we conclude 
that K is polynomially convex. 

The converse follows from Result 12.41 

4. Proof of Theorem 11.61 

Our proof of Theorem 11.61 follows in lines similar to that of Theorem 1 1.31 Again, using 
the defining equations, we will construct a nonnegative plurisubharmonic function in a 
tubular neighbourhood of the given compact subset K. 

Proof of Theorem \l.b\ As before, we divide the proof in three steps. 

Step I. Existence of a plurisubharmonic function u on a neighbourhood of K with K C 

Let us define the following function: 

2n—k 

■= 

i=i 
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We now compute the Levi-form for the above function u. For that, We have 

r\0 2?T.— k r\0 2?Ti — fc 


dzk 


Hence, the Levi-form of u: 

n 

Lu{z,v) = ^ 


92 


Pp 


j,k=l 


dzjdzk 


^Z)VjVk 


o2 2n—k 

2E E 7i;i=L)>'j’^ + 2E 

1=1 j,k=l 


dzjdzk 


1=1 


n rs 

^Pl / 
^ dzl^ 

j=l 3 


Z V, 


2n—k 


2n—k 


2 ^ pi{z)Lpi{z,v) + 2 ^ 


^=1 

2n—k 

£2E 

i=i 


1=1 


n „ 

E 7 S=("H' 


i=i 


n 

/ N, 


J=1 


2n—k 


2 X] 


Z=1 


Let us define the following set 

n := 

where 




L(z) := max sup \Lpi{z,v)\ , 


k =1 


and 


2n—k 


miz) := inf > 
11 ^ 11=1 ^ 


l=i 


dpi, . 

j=i J 


(4.1) 


(4.2) 


Since M is totally real, by Lemma 12.51 we get that m{z) > 0 for z G M. From (14.21) . we 
obtain that 

Lu{z,v) > 0, for all z G Q, 

Hence, u is plurisubharmonic in Q and K C u“^{0}. 

Step II. Showing that K C u“^{0}. 

Let us denote uj := {z G C"" : (p{z) < 0}. By the assumption u is plurisubharmonic in 
oj. Invoking Lemma 1 1.2 1 again with := ui, v := u, we get that 

K C u-\0}. 

Step III. Completing the proof. 

As in the proof of Theorem 11.31 we consider 


Ki := Mn{zGC^ : (t){z) + e < 0}, 

where —e = sup^^ 4>{^)- The remaining part of the proof goes in the same way as in Step 
HI of the proof of Theorem 11.31 

As before, the converse follows from Result 12.41 □ 
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5. Examples 


In this section we provide a couple of examples of totally-real submanifolds of C^: the 
first one is given by Hormander-Wermer [5]. 

Example 5.1. We consider the graph K = {{z, f{z)) G : 2 ; € D} over the closed unit 
disc B, where f{z) = —(1 + i)z + izz'^ + z'^z^. It is shown in [8], by attaching an analytic 
disc to {{z,f{z)) : \z\ = 1} d K, that K is not polynomially convex. Here we focus on 
the closed subsets of the compact K of the form: 

Kr := {{z,f{z)) € : \z\ < r}. 

Since K is a subset of a totally-real submanifold M = {{z,f{z)) : z G C}, we already 
know that there exists an r > 0 such that Kr = Kr- Here a range for r is deduced for 
which Kr is polynomially convex. We use Theorem ll.3l to show that Kr is polynomially 
convex for all r G [0, l/\/3]- 

Let us first compute: 

df, 


dz 

d^f 

dz&z 


(z) = -(1 -h i) -I- 2i\z\ + 3\z\' 
(z) = 2z{i -|- Sjzp). 


Hence, in the notation of Theorem [L3l we have 


Liz) = 


m{z) = 


52 / 


dzdz 




= 2\z\^/TTW^ 


dz 


{z) 


= 9|2|®-2|z|^-4|z|2-h2. 


(5.1) 


We get a neighbourhood of K as 


H := < {z,w) G : Ire — f{z)\ < 


9|z|^-2|z|^-4|z|2-k2 
2\z\^l + 9\z\^ 


in which u{z,w) := |tc — f{z)\‘^ is plurisubharmonic. We now note that the function 
h{r) := 9r® — 2r^ — Ar'^ + 2 is monotonically decreasing in the interval [0, l/\/3]- Hence, 
from (j5.ip we have 

inf m{z) = 1. 

\z\<l/V3 

We also have 

4 

sup L{z) = ^. 

L|<l/V3 'JVo 

Hence, we get that the open set {{z,w) G : \z\ < l/\/3, |rc — f{z)\ < 3v/3/4} C H. 
The implies that 

{{z^w) G < l/\/3, |iu| < \f{z)\ + 3^/4} C H. 

Since sup|^|<^y^ |/( 2 ;)| < 3-^/4, therefore, we obtain: 

Kr d L>(0; I/VS) X D(0; 3^/4) C H, Vr G [0,1/^3]. 

Since an open bidisc in is always a sub-level set of some plurisubharmonic function 
on C^, therefore, by using Theorem 11.31 we conclude that Kr = Kr for all r G [0, l/\/3]- 
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Example 5.2. Let us consider the following graph in over 

M = {(xi + ic{x\ + X 2 ), X 2 + id{x 2 + xf)) G : xi,X 2 G M}, 

where 0 < c,d < —. We show that the compact K := M n is polynomially convex. 
20 

In this case we have p := where 


Pl{zi,Z2) ■■= —(Zl - Zl) 
ll 

P2{zi,Z2) := ^XZ2 -^) 


- + Zif' + -(Z2 + 2 : 2 )^^ 

4 (2 ■ 


Clearly K = p ^{0} n Using the notation Zj = Xj + ij/j, j = 1, 2, we compute: 
^(z) = i/2 - cxi, ^^{z) = i/2 - dx2, 

UZ2 


dpi 3cx| 


d^Pi 

dzidF[ 

d'^P2 


[z) = -c/2, 

, . Sdxi 
{z) = -- 


dp2, . 3dxf 

d'^pi 


dzidz2 

d^P2 


dzid^ 2 dzidz2 

From the above computation we get that: 

d'^Pi 


(z) = 0, 
(z) = 0, 


d'^pi , . 3cx2 
=- 


dz2dz2 

d^P2 


dz2d^ 


(z) = —d/2. 


L{z) = max sup 

^= 1-2 yiH|=i 

< 2 max{c, d} 

m(z) > —h inf 
4 |b||=i 


dzid^ 


( 2 ;)|i;i| + 2Re 


^ :(2:)uiU2^ + T^-§={z)\v2X 


dzidz^ 


dz2m 


XlVl + -X2U2 + « X2V2 + -x\vi 


Hence, the neighbourhood 

U = |z G : |pi(2;)| + |p2(2)| < 
of K contains the open set 

ja: G C” : |yi - c{xl + xl)\ + \y2 - d{xl + x?)| < 
and u(z) := p\{z) + p^{z) is plurisubharmonic in U. We now note that 


1 


8 max{c, d} 


K ^ D(0; 1 + £) X D(0; 1+ e) C U, 

where 0 < e < 1/20. Therefore, by applying Theorem 11.61 we conclude that K is 
polynomially convex. 
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